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If simple entropy in the Bekenstein-Hawking area law for a black hole is replaced with ‘negative’
quantum conditional entropy—which quantifies quantum entanglement—of positive-heat particles
of the black hole relative to its outside, a paradox with the original pair-creation picture of Hawking
radiation, the first law for black hole mechanics and quantum mechanics is resolved. However, there
was no way to judge experimentally which area law is indeed adopted by black holes. Here, with
the no-hair conjecture, we derive the perfect picture of a second law of black hole thermodynamics
from the modified area law, rather than Bekenstein’s generalized one from the original area law.
The second law is testable with an event horizon telescope, in contrast to Bekenstein’s. If this is
confirmed, the modified area law could be exalted to the first example of fundamental equations in
physics which cannot be described without the concept of quantum information.
A black hole is one of most beautiful but mysterious ob-
jects in our universe. Although its carrier started merely
as a purely theoretical object in solutions of the Einstein
equation in general relativity, nowadays, it is a target
of observational astrophysics [1–7]. Apparently, its typi-
cal picture that black holes absorb only and nothing can
escape from them looked highly irreversible, compared
with normal stars. However, this is merely a view for
black holes in the regime of classical general relativity
and not the case for the quantum world. In particu-
lar, remarkably, Hawking has developed a semi-classical
picture [8, 9] where thermal radiation occurs from a
Schwarzschild black hole—although it is regarded as ‘use-
less’ classically because we cannot distil energy from it,
in contrast to Kerr or charged black holes [10, 11]. As a
result, Hawking famously described it as ‘a “black holes”
is not completely black’ [12]. However, this Hawking ra-
diation gave us more serious puzzles about the consis-
tency between such black hole mechanics and quantum
mechanics.
A puzzle appears [13, 14] when we combine the Hawk-
ing radiation with the first law of black hole mechanics
[15], the Bekenstein-Hawking equation [8, 9, 12, 16, 17]
and quantum mechanics. The first law of black hole me-
chanics is associated with the energy conservation law:
for a stationary black hole B, in Planck unit, we have
dMB =
κB
8pi
dAB +ΩBdJB + φBdQB, (1)
where MB is the mass, AB is the area of the event hori-
zon, κB is the surface gravity, JB is the angular mo-
mentum, ΩB is the angular velocity, QB is the charge
and φB is the electrostatic potential of the black hole.
Here ΩBdJB + φBdQB in the first law corresponds to
the change of black hole energy as work, and thus, in
general,
δQB := dMB − ΩBdJB − φBdQB (2)
is deemed to be the change of heat. On the other hand,
the Bekenstein-Hawking equation is an area law for the
black hole:
dAB
4
= dS(B), (3)
where S(B) is the entropy of the black hole B. However,
those laws (1) and (3) are inconsistent [13, 14] with the
pair-creation picture of Hawking radiation, in a quan-
tum mechanical point of view. More precisely, Hawk-
ing’s finding is that an observer at the future infinity re-
ceives thermal radiation H+ with Hawking temperature
κB/(2pi) from a Schwarzschild black hole (with ΩB = 0
and φB = 0), whose purification partner H
− is regarded
as having negative energy and falling into the black hole
B. The fact that the observer receives the positive energy
of the radiation H+ means dMB < 0 from the energy-
conservation law, implying dAB < 0 according to the
first law (1) with ΩB = 0 and φB = 0. On the other
hand, quantum mechanics tells us that the purification
partner H− has the same positive entropy as the ther-
mal radiation [S(H−) = S(H+) > 0 with any unitary-
invariant entropic measure S (e.g., the von Neumann en-
tropy) because H+H− is in a pure state]. Thus, the
fact that the black hole receives this purification partner
H− means dS(B) > 0, implying dAB > 0 according to
the Bekenstein-Hawking equation (3). Hence, Hawking’s
original picture for Hawking radiation leads to a paradox
about the direction of the change of the area AB.
Recently, it has been argued [14] that this paradox
is resolved if we assume that a black hole stores quan-
tum entanglement, rather than simple entropy, i.e., if the
2Bekenstein-Hawking equation (3) is modified as
dAB
4
= dI(B¯〉B+) := −dS(B¯|B+) = dS(B+)− dS(B−)
(4)
for a stationary black hole B, where I(X〉Y ) is called the
coherent information [18–20] from X to Y and S(X |Y ) is
the conditional entropy defined by S(X |Y ) := S(XY )−
S(Y ) with the von Neumann entropy S(X) := S(ρˆX) :=
−Tr[ρˆX ln ρˆX ] for a system X in a state ρˆX . The coher-
ent information is positive only in the quantum world,
and is indeed associated with one-way distillable entan-
glement in quantum information theory. In the modi-
fied area law (4), if it applies not only to Schwarzschild
black holes [14] but also to general black holes, we should
assume that (i) the black hole B is composed not only
of normal positive-heat particles B+ (like particles hav-
ing fallen down into the black hole from spatial infinity),
but also of negative-heat particles B− generated in its
inside by the Hawking process (like the Hawking parti-
cles H− whose appearance decreases the area AB), i.e.
B = B+B−, and (ii) the whole system BB¯ = B+B−B¯,
by including a system B¯ in the outside of the black hole
B, can always be in a pure state. Notice that Eq. (4)
is equivalent to the Bekenstein-Hawking equation (3) for
any process with dS(B−) = 0, which reproduces [14] all
known results shown with the original equation (3). But,
Eq. (4) not only solves the paradox above in contrast to
Eq. (3), but also is free [14] from other paradoxes, such as
the information loss paradox [21] and the firewall paradox
[22].
Equation (4) can simply be understood by using the
following rule from the entropy conservation law in quan-
tum mechanics: if a stationary black hole B stores an
infalling (tunnelling [9]) object C—whose purification
partner belongs to the outside B¯—having positive (neg-
ative) ‘heat’ QC := EC − ΩBlC − φBQC with energy-
at-infinity EC , axial component lC of angular momen-
tum and charge QC—evaluated at event of crossing, then
the entropy change dS(B+) (dS(B−)) of its positive-heat
part B+ (its negative-heat part B−) is dS(B+) = S(C)
(dS(B−) = S(C)), where S(C) is the von Neumann en-
tropy of system C at infinity. In this rule, it is assumed
that object C is very small, that is, its size and mass are
much smaller than those of the hole and it has sufficiently
small charge, so that its gravitational/electromagnetic
radiation is negligible. Then, the rule for entropy is anal-
ogous to the energy conservation law in general relativity
(e.g., see Sec. 33.7 of Ref. [11]). The negative-heat object
C in the rule can be composed only of negative-energy
particles generated in the inside of the hole B by Hawk-
ing radiation as a quantum effect, because there is no
test particle in the outside B¯ whose orbit can cross the
horizon with negative heat QC < 0 (e.g., see Section 33.8
of Ref. [11]).
Here, with the modified area law (4) and the no-hair
conjecture, we revisited thermodynamics of black holes,
from the view of quantum information. In particular, by
using Patovi’s model for a thermal bath [23, 24], we de-
rive a second law of arbitrary thermodynamic process α′
which converts a black hole B from a stationary state B1
into a stationary state B2 by interacting with a thermal
bath R:
−
∫
B1
α′
−→B2
βRδQR ≤
AB2
4
−
AB1
4
, (5)
where β−1R and δQR represent the ‘redshifted’ temper-
ature and the received heat of the thermal bath R at
infinity, which is related with hole’s received heat QB as
δQR = −δQB. Note that the area of the black hole in
this second law is analogous to the entropy of a normal
thermodynamic system in the second law of thermody-
namics. Also notice that all the quantities in the second
law (5) are all observables. Therefore, the law is testable,
for instance, by using an event horizon telescope [1–6, 25],
in contrast to Bekenstein’s generalized second law [17] as-
sociated with Eq. (3) (although the modified area law (4)
also follows Bekenstein’s generalized second law [14]):
dAB
4
+ dS(B¯) ≥ 0, (6)
where the entropy S(B¯) of the outside B¯—which is not
a direct macroscopic observable along a process beyond
a quasi-static one—is included.
Quasi-static process.—To derive our second law (5)
from the modified area law (4), let us start by introduc-
ing a process to keep a black hole stationary, even if it
emits Hawking radiation continuously. This process was
originally considered in Ref. [14], where it is shown that
the modified area law (4) allows us to describe a station-
ary Schwarzschild black hole even under the existence of
the Hawking radiation. Here, by generalizing this to be
applicable to any stationary black hole, we introduce the
concept of a quasi-static process for the black hole, which
is not possible for the Bekenstein-Hawking equation (3).
This contrast is the underlying reason why the area law
(4) only leads to the second law (5), in contrast to Eq. (3)
which just leads to a generalized second law (6).
Let us consider a stationary black hole B, which emits
a Hawking pair H+H− in state
|χ〉H+H− := exp[rω′(aˆ
†
k bˆ
†
−k − aˆk bˆ−k)]|vac〉
=
1
cosh rω′
∞∑
n=0
tanhn rω′ |n〉H+ |n〉H− , (7)
where aˆk and bˆ−k are annihilation operators associated
with the positive-heat particlesH+ and the negative-heat
particles H− respectively, the parameter rω′ is related
[12] to a mode with frequency ω, angular momentum m
about the axis of rotation of the black hole, and charge e
via ω′ := ω−mΩB−eφB and exp(−piω
′/κB) = tanh rω′ ,
and the effective mode frequency ω′ will follow some
3dispersion relation ω′ = ω′(±k). The free Hamilto-
nian of particles H± is ±ω′nˆH± , where nˆH+ := aˆ
†
kaˆk
and nˆH− := bˆ
†
−kbˆ−k. In the pair creation picture, the
negative-heat particles H− appear in a mode falling into
the black hole (i.e. on a worldline crossing the event
horizon), while the positive-heat particles H+ appear in
a mode propagating from the vicinity of the event hori-
zon to a static observer at infinity. The reduced state
of the positive-heat particles H+ is the Gibbs state with
temperature β−1H = κB/(2pi),
χˆH+ :=TrH− [|χ〉〈χ|H+H− ]
=
1
cosh2 rω′
∞∑
n=0
tanh2n rω′ |n〉〈n|H+
=
e−βHω
′nˆ
H+
ZβH
. (8)
Since this satisfies − ln χˆH+ = βHω
′nˆH+ + lnZβH 1ˆH+
for the partition function ZβH := (1− e
− 2piω
′
κB )−1 = (1 −
e−βHω
′
)−1, we have
S(H+) = βHω
′nH+ + lnZβH , (9)
where
nH+ = Tr[nˆH+ χˆH+ ] =
1
eβHω′ − 1
. (10)
Hence, the positive-heat particles satisfy
1
ω′
dS(H+)
dnH+
=
1
ω′
(
βHω
′ + ω′nH+
dβH
dnH+
+
1
ZβH
∂ZβH
∂βH
dβH
dnH+
)
= βH (11)
for given ω′. Therefore, the emission of positive-heat par-
ticles H+ from the event horizon is pure thermal radia-
tion at the Hawking temperature β−1H = κB/(2pi). Note
that Eq. (11) implies that ω′dnH+ is the received heat
δQH+ of positive-heat particles H
+ in any quasi-static
process (i.e., ω′dnH+ = δQH+), because H
+ is initially
in a thermal equilibrium state and β−1H dS(H
+) = δQH+
holds for the process.
Now, we consider a process where the black hole emits
the Hawking radiationH+ to infinit, while, from the out-
side, it absorbs an infalling thermal bosonic system C
with the same effective mode frequency ω′, positive heat
QC(≥ 0) and entropy S(C) at infinity. Here the sys-
tem C is initially decoupled with the black hole B before
this absorption. In this process, the black hole B loses
heat QH+ of positive-heat particles H
+ but receives en-
tropy S(H−) of negative-heat particles H− through the
Hawking radiation, while it receives positive heatQC and
entropy S(C) by absorbing such a normal (positive-heat)
particle C. Therefore, in this process, the heat change
∆QB of the black hole B and the change ∆I(B¯〉B
+) of
coherent information are given by
∆QB = QC −QH+ , (12)
∆I(B¯〉B+) = S(C)− S(H−) = S(C)− S(H+), (13)
where we have used conservation laws for energy, charge,
and axial component of angular momentum (see Sec. 33.7
of Ref. [11]) in Eq. (12), and we have used S(H−) =
S(H+) for the pure state |χ〉H+H− in Eq. (13).
Suppose that the system C is in a thermal state χˆC
as in Eq. (8), with the Hawking temperature β−1H =
κB/(2pi). Then, we have
ω′nC = ω
′nH+ , (14)
meaning QC = QH+ from Eq. (10) and S(H
+) = S(C)
from Eq. (9). Hence, in this case, the above process pro-
vides ∆QB = 0 and ∆I(B¯〉B
+) = 0 from Eqs. (12) and
(13), which conclude dAB = 0, either from the first law
(1) for stationary black holes or from the modified area
law (4). Therefore, as long as this equilibrium process is
repeated, say if a black hole interacts with thermal sys-
tems with the Hawking temperature β−1H , the black hole
can be exactly in a stationary state. This is in contrast
to the case for the Bekenstein-Hawking equation (3) (see
Ref. [14]).
Let us move on to a case where the above equilib-
rium process is repeated, but at some point, it devi-
ates slightly from its equilibrium version, accompanied
by small changes on the system C and the Hawking ra-
diation H+ such that QC : ω
′nC → ω
′nC + ω
′∆nC and
QH+ : ω
′nH+ → ω
′nH+ + ω
′∆nH+ . For this perturba-
tion, from Eq. (14), Eq. (12) becomes
∆QB =ω
′nC + ω
′∆nC − (ω
′nH+ + ω
′∆nH+)
=ω′∆nC − ω
′∆nH+ , (15)
while Eq. (13) becomes
∆I(B¯〉B+) =βHω
′nC + lnZβH +∆S(C)
− (βHω
′nH+ + lnZβH +∆S(H
+))
=∆S(C)−∆S(H+), (16)
using Eq. (9). However, as long as the perturbation is
small enough to be regarded as a quasi-static process for
system C and Hawking radiation H+, the difference ∆X
on a quantity X can be regarded as its derivative dX and
Eq. (11) should hold. Hence, we have
dI(B¯〉B+) =dS(C)− dS(H+)
=βH(ω
′dnC − ω
′dnH+) = βHdQB. (17)
from Eqs. (15) and (16). Combined with the first law (1)
for stationary black holes, this concludes Eq. (4).
If the above perturbation is used as a quasi-static pro-
cess to change the black hole with keeping it in stationary
4states, we can integrate Eq. (4), leading to I(B¯〉B+) =
AB/4+c with a constant c. Since AB is a quantity of the
state of a black hole according to the no-hair conjecture,
this equation shows that I(B¯〉B+) is also a quantity of
the state. This will be used later.
Arbitrary thermodynamic process.—We introduce a
thermodynamic process, perhaps beyond a quasi-static
process, where a black hole B interacts with a thermal
bath R. In particular, we consider a process where (1) a
thermal bath R falls towards a black hole B from outside
B¯ with redshifted temperature β−1R , energy-at-infinity
ER, charge QR and the axial component lR of the an-
gular momentum on black hole’s rotation axis, (2) then
interacts with the black hole B near the horizon, and (3)
finally comes back to spatial infinity. We assume that
the interaction near the horizon between the bath R and
the hole B is described by the following two elementary
processes: (a) unitary interaction between positive-heat
particles B+ of the black hole B and the thermal bath
R, and (b) Hawking radiation, which is a unitary inter-
action between the negative-heat part B− of the black
hole B and a system with an extremely low temperature
(like the vacuum) in the bath R.
First, we introduce a thermal bath R, which is essen-
tially the same as Partovi’s model [23, 24]. The thermal
bath R is assumed to be composed of a huge number of
very small particles ri in a Gibbs state σˆri with redshifted
temperature β−1ri , that is, R =
⊗
i ri. The Gibbs state
σˆX for system X near the horizon is
σˆX =
1
ZβX
e−βXQˆX , (18)
where QˆX := HˆX − ΩB lˆX − φBQˆX is the observable of
‘heat’ QX at infinity, HˆX is the Hamiltonian associated
with energy-at-infinity EX , lˆX is the observable of angu-
lar momentum lX , and QˆX is the observable of charge
QX . For any conversion of a system X from a Gibbs
state σˆX to an arbitrary state ρˆX′ , we have
−∆S(X) + βX∆QX =Tr[ρˆX′ ln ρˆX′ + βX ρˆX′QˆX ] + lnZβX
=Tr[ρˆX′(ln ρˆX′ + βXQˆX + lnZβX )]
=Tr[ρˆX′(ln ρˆX′ − ln σˆX)]
=D(ρˆX′‖σˆX) ≥ 0, (19)
where ∆S(X) := S(X ′) − S(X), ∆QX := QX′ − QX
by denoting the expectation value of an observable Yˆ as
Y , and D(ρˆX′‖σˆX) is the relative entropy and is non-
negative.
Let us consider the elementary process (a). In this pro-
cess, the positive-heat part B+ interact with a system ri,
which is described by a unitary interaction UˆB+ri→B′+r′i .
Thus we have
∆iS(B
+) + ∆iS(ri) =I(B
′+ : r′i)− I(B
+ : ri)
=I(B′+ : r′i) ≥ 0, (20)
where we assumed that the particle ri is initially decou-
pled with B+, that is, I(B+ : ri) = 0, and ∆i = ∆ but
∆i has index i to describe that this change is brought by
interaction with particle ri. Then, since ri is initially in
a Gibbs state which follows Eq. (19), from Eqs. (19) and
(20), we have
∆iS(B
+) + βri∆iQri ≥ 0. (21)
Since ∆iS(B
−) = 0 during this process, this concludes
∆iI(B¯〉B
+) ≥ −βri∆iQri . (22)
Next, let us consider the Hawking radiation (b). This
process originally occurs between the black hole B and
a system rj in the vacuum state at the outside, by giv-
ing them a Hawking pair in a pure entangled state with
S(H+) = S(H−). Thus, even if we consider Hawking ra-
diation in a more practical scenario where the system rj
in the thermal bath R has an extremely low but nonzero
temperature β−1rj ,
∆jS(B
−) = ∆jS(rj) (23)
would be a good approximation. Then, from Eqs. (19)
and (23), we have
−∆jS(B
−) + βrj∆jQrj ≥ 0. (24)
Indeed, a model for the practical Hawking radiation
shows that this inequality itself holds when β−1rj is low
enough with β−1H ≥ β
−1
rj
, although ∆jS(B
−) ≥ ∆jS(rj)
holds (see Appendix). Also, the inequality (24) im-
plies that the heat capacity of the negative-heat particles
B− is negative (by noting that ∆jS(B
−) ≈ S(H−) in-
creases with the temperature β−1H ). In particular, since
∆jQB + ∆jQrj = 0 holds from conservation laws for
energy, charges, and axial component of angular mo-
mentum (e.g., see Sec. 33.7 of Ref. [11]) and ∆jQB =
∆jQB++∆jQB− = ∆QB− holds for this process, the in-
equality means that ∆jS(B
−) ≥ 0 implies ∆jQB− ≤ 0.
This is consistent to the assumption that B− has a neg-
ative energy spectrum. Since ∆jS(B
+) = 0 during this
process, Eq. (24) concludes
∆jI(B¯〉B
+) ≥ −βrj∆jQrj . (25)
From Eqs. (22) and (25), for either elementary ther-
modynamic process (a) or (b), we can conclude
∆iI(B¯〉B
+) ≥ −βri∆iQri (26)
for any interaction with a thermal system ri. If we as-
sume that each system ri is so small that each ∆i is
regarded as derivative, we can rephrase this inequality as
dI(B¯〉B+) ≥ −βRδQR. (27)
5Note that δQR = −δQB holds from conservation laws for
energy, charge, and axial component of angular momen-
tum (e.g., see Sec. 33.7 of Ref. [11]).
Cycle.—Let us consider a cyclic process where the
black hole B starts from a stationary state B1 and comes
back to the initial state. Then, we have
∮
dI(B¯〉B+) = 0, (28)
because the coherent information I(B¯〉B+) is a quantity
of the state, stemming from the no-hair conjecture. Let
us divide this cycle into two path. The first path is any
thermodynamic process α′, perhaps beyond a quasi-static
process, where the black hole starts from the initial sta-
tionary black hole B1 to another stationary black hole
B2. The second path is a quasi-static process α which
starts from the stationary black hole B2 and comes back
to the initial stationary black hole B1. In this path, the
black hole satisfies Eq. (4). Combined with Eqs. (27) and
(28), this concludes the second law (5) through
−
∫
B1
α′
−→B2
βRδQR ≤
∫
B1
α′
−→B2
dI(B¯〉B+)
=
∮
dI(B¯〉B+)−
∫
B2
α
−→B1
dI(B¯〉B+)
=
∫
B1
α
−→B2
dI(B¯〉B+)
=
1
4
∫
B1
α
−→B2
dAB . (29)
Discussion.—Like the second law of normal thermo-
dynamics, our law has many implications. For instance,
if δQB = −δQR ≥ 0 holds—which is valid for any clas-
sical test-particle orbits crossing the horizon from the
outside B¯ (e.g., see Sec. 33.8 of Ref. [11]), the second law
(5) is reduced to Hawking’s area theorem dAB ≥ 0—
which is derived in the regime of general relativity [26].
Another important implication appears if we consider
a stationary black hole B which receives infinitesimally
small heat −δQR, with keeping its stationarity, i.e.,
δQB = 4
−1β−1H dAB from the first law (1). Then, the sec-
ond law (5) and heat conservation law δQB = −δQR im-
ply dAB ≥ −4βRδQR = 4βRδQB = βRβ
−1
H dAB. There-
fore, the black hole B becomes bigger (dAB ≥ 0) when
the temperature β−1H of the black hole is less than β
−1
R
(β−1H ≤ β
−1
R ), and it becomes smaller (dAB ≤ 0) when its
temperature β−1H is higher than β
−1
R (β
−1
H ≥ β
−1
R ). Many
other implications would appear; however, the most im-
portant point of this paper is that the second law (5)
is derived from the equation (4) but cannot from the
original one (3), and its validity is testable with cur-
rent technology of observational astrophysics [1–7]. This
test is needed to answer fundamental questions whether a
black hole stores quantum entanglement, as suggested by
Eq (4), and nevertheless, as implied by Eq. (5), whether
the black hole is still analogous to a normal thermody-
namic system, as Bekenstein and Hawking have originally
imagined [8, 9, 12, 16, 17].
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Appendix
In this Appendix, we consider practical Hawking radi-
ation where a system rj in the thermal bath R has an
extremely low but nonzero temperature β−1rj . In particu-
lar, here we show that even in this framework of practical
Hawking radiation, Eq. (24) can hold when β−1H ≥ β
−1
rj
.
We first define a two-mode squeezing operator for
bosonic annihilation operators aˆout on mode a and bˆout
on mode b as
Sˆ(r) := exp[r(aˆ†outbˆ
†
out − aˆoutbˆout)]. (30)
This squeezing corresponds to a unitary inducing Hawk-
ing radiation, by taking
tanh r = exp[−βHω
′/2] (31)
and by regarding aout and bout as annihilation operators
on modes for positive-heat particlesH+ and for negative-
heat particles H−, respectively. Then, we have
aˆin := Sˆ(r)aˆoutSˆ
†(r) = aˆout cosh r − bˆ
†
out sinh r, (32)
bˆin := Sˆ(r)bˆoutSˆ
†(r) = bˆout cosh r − aˆ
†
out sinh r. (33)
Here aˆin and bˆin are bosonic annihilation operators on
mode a and mode b, respectively. If we define quadra-
tures as
qˆc :=cˆ+ cˆ
†, (34)
pˆc :=i(cˆ
† − cˆ), (35)
for c = aout, bout, ain, bin, we have


qˆain
pˆain
qˆbin
pˆbin

 =


cosh r 0 − sinh r 0
0 cosh r 0 sinh r
− sinh r 0 cosh r 0
0 sinh r 0 cosh r




qˆaout
pˆaout
qˆbout
pˆbout

 ,
(36)
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FIG. 1: −∆jS(B−)+ βrj∆jQrj (= −∆S(b)+βa∆Qa). From
the figure, if the temperature β−1rj of a system rj is much lower
than the Hawking temperature β−1H like the original situation
Hawking has considered [8, 9], −∆jS(B−) + βrj∆jQrj can
be positive, implying Eq. (24).
This can be rewritten as

qˆaout
pˆaout
qˆbout
pˆbout

 =


cosh r 0 sinh r 0
0 cosh r 0 − sinh r
sinh r 0 cosh r 0
0 − sinh r 0 cosh r




qˆain
pˆain
qˆbin
pˆbin


=:S(r)x, (37)
where x := (qˆain , pˆain , qˆbin , pˆbin)
T .
Now, let us assume that the mode a corresponds to a
system rj in the thermal bath R and the initial state of
mode a is a Gibbs state χˆa with temperature
β−1a = β
−1
rj
, (38)
while the initial state of mode b is the vacuum state |vac〉.
In general, a Gibbs state
χˆa :=
∞∑
m=0
nma
(na + 1)m+1
|m〉〈m|a (39)
on mode a, where na := 〈aˆ
†aˆ〉 = Tr[aˆ†aˆχˆa], is completely
characterized by the covariance matrix (2na + 1)I2×2 on
mode a [27], where I2×2 := diag(1, 1). Therefore, the ini-
tial state of the modes a and b is completely characterized
by the covariance matrix [27]:
Vin =


2nain + 1 0 0 0
0 2nain + 1 0 0
0 0 1 0
0 0 0 1


=


cosh(2s) 0 0 0
0 cosh(2s) 0 0
0 0 1 0
0 0 0 1

 , (40)
where nain := [exp(βaω
′)− 1]−1 and
tanh s = exp(−βaω
′/2) (41)
with a mode frequency ω′. If the two-mode squeezing op-
eration Sˆ(r) corresponding to Hawking radiation is ap-
plied the modes a and b, the final state is still a Gaussian
state, which is completely characterized [27] by the co-
variance matrix
Vout = S(r)VinS
T (r) =
(
[cosh(2s) cosh2 r + sinh2 r]I2×2 cosh
2 s sinh(2r)Z2×2
cosh2 s sinh(2r)Z2×2 [cosh
2 r + cosh(2s) sinh2 r]I2×2
)
, (42)
where Z2×2 = diag(1,−1). From this covariance matrix,
we can conclude that the final states of modes a and b
are Gibbs states with
2naout + 1 = cosh(2s) cosh
2 r + sinh2 r, (43)
2nbout + 1 = cosh
2 r + cosh(2s) sinh2 r, (44)
respectively.
Finally, let us derive the analytic expression for
−∆S(b) + βa∆Qa, associated with Eq. (24). From
Eqs. (43) and (44), we have
∆S(b) :=S(bout)− S(bin) = S(bout)
=− nbout lnnbout + (nbout + 1) ln(nbout + 1)
=
1
2
[
sinh2 r cosh(2s) + cosh2 r + 1
]
× ln
[
1
2
(
sinh2 r cosh(2s) + cosh2 r + 1
)]
− sinh2 r cosh2 s ln
[
sinh2 r cosh2 s
]
, (45)
βa∆Qa :=βaω
′(naout − nain) = sinh
2 r cosh2 s ln[coth2 s].
(46)
With these expressions, −∆S(b) + βa∆Qa is shown in
7Fig. 1, where we use −∆S(b) + βa∆Qa = −∆jS(B
−) +
βrj∆jQrj by regarding mode a as a system rj in the
thermal bath R and mode b as a system in the negative-
heat part B− of the black hole B. From the figure, if
the temperature β−1rj of a system rj is much lower than
the Hawking temperature β−1H like the original situation
Hawking has considered [8, 9], −∆jS(B
−) + βrj∆jQrj
can be positive, that is, Eq. (24) can hold.
On the other hand, ∆S(a) is
∆S(a) :=S(aout)− S(ain)
=− naout lnnbout + (naout + 1) ln[naout + 1]
+ nain lnnbin − (nain + 1) ln[nain + 1]
= cosh2 s
(
cosh2 r ln
[
cosh2 r cosh2 s
]
− ln
[
cosh2 s
])
−
1
2
[
cosh2 r cosh(2s) + sinh2 r − 1
]
× ln
[
1
2
(
cosh2 r cosh(2s) + sinh2 r − 1
)]
+ sinh2 s ln
[
sinh2 s
]
. (47)
Therefore, ∆S(b)−∆S(a) is described by
∆S(b)−∆S(a) = − cosh2 r cosh2 s ln
[
cosh2 r cosh2 s
]
− sinh2 r cosh2 s ln
[
sinh2 r cosh2 s
]
+
1
2
[
cosh2 r cosh(2s) + sinh2 r − 1
]
× ln
[
1
2
(
cosh2 r cosh(2s) + sinh2 r − 1
)]
+
1
2
[
sinh2 r cosh(2s) + cosh2 r + 1
]
× ln
[
1
2
(
sinh2 r cosh(2s) + cosh2 r + 1
)]
− sinh2 s ln
[
sinh2 s
]
+ cosh2 s ln
[
cosh2 s
]
, (48)
from which we can show ∆S(b)−∆S(a) ≥ 0 analytically.
If one wants to associate the model here with ’t Hooft’s
model [28] for Hawking radiation, one should regard
aˆin → aˆ2(k˜, ω), (49)
bˆin → aˆ2(−k˜,−ω), (50)
aˆout → aˆI(k˜, ω), (51)
aˆout → aˆII(−k˜, ω), (52)
for annihilation operators aˆ2(k˜, ω), aˆ2(−k˜,−ω), aˆI(k˜, ω)
and aˆII(−k˜, ω) in Ref. [28]. In Ref. [28], aˆ2 is an annihila-
tion operator for a freely falling observer, while aˆI and aˆII
are ones on modes in regions with ρ > 0 and with ρ < 0
for a Rindler space coordinate {τ, ρ, x˜}, respectively.
∗ Electronic address: koji.azuma.ez@hco.ntt.co.jp
[1] Event Horizon Telescope Collaboration et al., Astrophys.
J. 875, L1 (2019).
[2] Event Horizon Telescope Collaboration et al., Astrophys.
J. 875, L2 (2019).
[3] Event Horizon Telescope Collaboration et al., Astrophys.
J. 875, L3 (2019).
[4] Event Horizon Telescope Collaboration et al., Astrophys.
J. 875, L4 (2019).
[5] Event Horizon Telescope Collaboration et al., Astrophys.
J. 875, L5 (2019).
[6] Event Horizon Telescope Collaboration et al., Astrophys.
J. 875, L6 (2019).
[7] B. P. Abbott et al., Phys. Rev. Lett. 116, 061102 (2016).
[8] S. W. Hawking, Nature 238, 30-31 (1974).
[9] S. W. Hawking, Commun. Math. Phys. 43, 199-220
(1975).
[10] R. Penrose, Rivista del Nuovo Cimento, Serie 1, 252-276
(1969).
[11] C. W. Misner, K. S. Thorne, and J. A. Wheeler, Gravi-
tation (Freeman and Company, 1973).
[12] S. W. Hawking, Phys. Rev. D 13, 191-197 (1976).
[13] S. L. Braunstein, S. Pirandola, and K. Życzkowski, Phys.
Rev. Lett. 110, 101301 (2013).
[14] K. Azuma and S. Subramanian, Preprint at
https://arxiv.org/abs/1807.06753 (2018).
[15] J. M. Bardeen, B. Carter and S. W. Hawking, Commun.
Math. Phys. 31, 161-170 (1973).
[16] J. D. Bekenstein, Phys. Rev. D 7, 2333-2346 (1973).
[17] J. D. Bekenstein, Phys. Rev. D 9, 3292-3330 (1974).
[18] B. Schumacher and M. A. Nielsen, Phys. Rev. A 54, 2629-
2635 (1996).
[19] M. Horodecki, J. Oppenheim, and A. Winter, Nature
436, 673-676 (2005).
[20] M. Horodecki, J. Oppenheim, and A. Winter, Commun.
Math. Phys. 269, 107-136 (2007).
[21] J. Preskill, Preprint at https://arxiv.org/abs/hep-
th/9209058 (1992).
[22] A. Almheiri, D. Marolf, J. Polchinski, and J. Sully, J.
High Energy Phys. 02, 062 (2013).
[23] M. H. Partovi, Phys. Lett. 137, 440-444 (1989).
[24] A. Peres, Quantum theory: concepts and methods
(Kluwer, 1993).
[25] D. Gottesman, T. Jennewein, and S. Croke, Phys. Rev.
Lett. 109, 070503 (2012).
[26] S. W. Hawking, Commun. Math. Phys. 25, 152-166
(1972).
[27] C. Weedbrook et al., Rev, Mod. Phys. 84, 621 (2012).
[28] G. ’t Hooft, Int. J. Mod. Phys. A 11, 4623-4688 (1996).
